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Markov Processes/Chains

e What is the likelihood of a sequence of events occurring?
e Stochasting modelling: Use Markov chains or processes.

e Consists of N states and arcs connecting them indicating
state transitions.

o State transition probability matrix gives the probabilities
of going from one state to another.

e Let s, indicate the state at time ¢.
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e Markov process when only the previous state matters:
P(s;=1i|lsi_1=1],8t—2=Fk,...) = P(sg = i|s;_1 = J).

e It also doesn’t depend on time. The transition probability
between states : and J given by: P(s; = j|si—1 = 1) = a;;.

e Also, > . a;; = 1since it has to be in some state!

e Let us look at weather in Hyderabad. There are 3 states:
sunny, cloudy, rainy. Observe state every 2 hours during
the day.

e Known transition probabilities: sunny to cloudy, cloudy to
rainy, rainy to sunny, rainy to cloudy, etc.
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e The model consists of: States, transition matrix, starting
state.

e Probability of observing a sequence SSSCRRRCS given

the model:  7(S5) ass Ass Gse Aoy Ay Ay Qe Qe

e Probability of getting exactly d consecutive measurements
being rainy: p,.(d) = a2 1(1 — a,..).

o Expected length of sunny state: >~ , d ps(d)
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Hidden States

e What if the states remain hidden, away from observation?

e We can observe another random process with its own

probability distribution.

e Observation is a stochastic process of the hidden state:

Hidden Markov Model.

e A coin toss experiment is performed in the next room and
the result (H or T) is read out aloud.

e Observed sequence: HTT

HT. How do we build an HMM

to explain the observations?
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Single Coin Model

e Use one biased coin.

e Two states labelled H and T.

e Only 1 tunable parameter. Probability of H: p
e app, =aip =p and apr =ay =1 —p.

o P(HTTTHT) = p(1 — p)(1 — p)(1 — p)p(1 — p).

e No real transition probabilities. One state will do.
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Another Model

e Joss 3 coins. If the first coin is H, read out 2nd coin. Else
read out the 3rd coin.

e Only 3 parameters: pq, po, p3 for heads for the coins.
Letpy =1 —p1,p5 =1—pa,p5 =1 — ps.

o P(HT) = (pip> + p'p3)(p1ph + pipk).

e No real transition probabilities. One state will do.
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Two Coin Model

e Use 2 coins with probabilities p; and p» for heads.
e 2 states: Use coin 1 in state 1 and coin 2 in state 2.

e Independent transition probabilities between states:
19 and as1.

e Four tunable parameters: p1, ps, a1a, as:.
Let pi =1 —p1,a}5, =1 — a9, etc.

o P(HT) = n(1)p1(atopy + a12py) + m(2)p2(agps + a21ph)
e Similarly a 3-coin model with 3 states and 9 parameters.
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Hidden Markov Model: Formulation

e A set of c states: {wi,wo, - ,w.}.

e Transition probabilities: (Given by a matrix A)
;5 = P(wj(t -+ 1)‘&)@@)), 1 <i,9 <ec. AlSO, Zj ;5 = 1.

e A set of k£ observable symbols: {vq,vs, -+, vg}.

e Emission probabilities: (Given by a matrix B)
bij = P(vj]wz-), 1 <1 <¢ 1 S] < k. AISO, Zj bij = 1.

e Initial probabilities (for starting state): 7 (i),1 <1 < c.
e An optional final or absorbing state w such that asf = 1.
e HMM model: © = (A, B, «).
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HMM: 3 Basic Problems

e Evaluation: Given O, compute the probability of a
sequence of observables V7.

e Decoding: Given an HMM and a set V! of observations,
determine the most likely sequence of hidden states w?'
that generated the observations.

e Learning: Given a number of training observations of
visible symbols and the structure of the HMM (¢ and k),
determine the parameters a;; and b;;.
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Evaluation

e Given ©, compute the probability of a sequence of
observables V! = v(1),v(2),--- ,v(T)

e Consider every sequence of states and sum their
individual probabilities of generating the observations.

o P(VH) = "M P(VYwP(w, ), where ryy = ¢*, the

r

number of possible sequences of length T'.

o P(wF) = [[,_, P(w(t)|w(t — 1)) = [ ai;, for consecutive
states in the sequence.

o P(VIw!) = TT—, P(u(t)lw(t)) = IIbi, for the state-
observation pairs.
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e Simple algorithm: Evaluate by summing all sequences.
Complexity: O(T'c?h).

e «;(t): probability of state ;5 at time ¢, having generated the
first ¢ visible symbols of the sequence.
Initialization: «;(0) = 1 for initial state; O for others.
(Alternately, c;(1) = m(2)b;y(1))

o a;(t) = [D_,(t —1)ay;| b, Where v(t) = wvy, the
symbol generated at time ¢.

o Similarly, B8;(t) = > .08t + 1)ajbiyxy1) Qives the
probability that the rest of the sequence (after t) will be

generated by the HMM. Initialization: 34(7") = 1 for the
final state; O for others. (Alternately, 3;,(T) = 1, Vi)
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Forward Algorithm
Initialize g, bjk; VT, C\fj(O)
fort =1to T do
aj(t) = bju) 2oiog @it — Dagj, 1<j<c
P(V1Y) = ay(T) for the final state f
o Complexity: O(c*T).
e An unfolding of the states over time in 1" steps.

e Compute forward the probabilities of being at state ;7 and
generating the inputs upto that time.
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Backward Algorithm

Initialize g, bjk; VT, Qj (T)
fort=T—1to1do
Bi(t) => i1 Bit + Dajbjpr1y, 1<j<c

P(V?Y) = 3,(T) for the initial state ¢
o Complexity: O(c*T).

e An unfolding of the states backwards over time in T' steps.

e Compute backward the probabilities of being at state j
and generating the inputs from that time till end.
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Decoding

e Choose the optimum state at each time step.

o Letni(t) = P(s(t) = wi|V,©) = 2080

e At each time t, select wx(t) where k(t) = arg max ;(1).

e Individually optimum. But, the sequence generated can
have states 7 and j consecutively where a;; = 0!!

e Optimum sequence may not be a valid one.
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Simple Algorithm
Initialize jj bjka VT, Oéj(O)
fort =1to T do
for j =1to cdo
aj(t) — bjo) Di—1 it — Dai
k(t) «— argmax o, (t)
append wk(t)]to the path
Return path
e Finds the maximum probability state at each time step.
Path found may not be a valid one.

e Solution: A dynamic programming algorithm to maximize
the sequence probability.
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Viterbi Algorithm

e Let §;(t) = max P(s(1)---s(t) = w;,v(1)---v(t)|®), most
likely path that accounts for first ¢ symbols and ends in <.

e We can see: §;(t + 1) = max [0;(t) as;] bju(t41)

1

o Initialize: 51(1) — W(i)biv(l)a Qp@(l) — O,\V/Z

o Vj > 1:;(t) = argmax(d;(t — 1)a,,)
0j(t +-1) = max (9;(t)ai;) bju(i+1)
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e Atthe end, p* = max ;(T) gives the optimum probability.
¢*(T) = argmax §;(T) is the last state.

o Backtrack: ¢*(t) = Ygx¢+1y(t +1), t=(T—-1),---,1t0
recover the states.

e A forward dynamic programming algorithm. Similar to
Dijkstra’s shortest path algorithm.

e Very similar to the forward algorithm with max replacing
summation.
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Learning Problem

o vii(t) = O"'(t_lij(”ijflﬂgg’f) %W gives probability that the

sequence used ¢ to j transition at time t.
(Where P(VH©) =37, 3 ai(t — 1) ayj bjury B5(2)).

e Probability of using w; at time ¢: v;(t) = > ._, vi;(t).

» Total expected number of i to j transitions: >, " i, (t).

e Total expected number of transitions from i: Zt ) Y (8).

# transitions from itoj Do Vij(t)
# transitions from /i~ 37, > 05 v;;5(¢)

e Estimate for a;;: a;; =
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R T
ilarly B, — Sie1 () when v(t)=u
o Similarly: bjp, ST ()

e And, m(7) = v;(1)
e Called the forward-backward algorithm.

e Input: Intialization of A, B, m, sequence V! accepted by
the HMM.

e lteratively compute A, B, and # till values converge.

e Probability of observing V' improves. Final result is a
maximum-likelihood estimate of the HMM.

e In practice: Random or uniform estimates for A, « will
suffice. Good initial estimates are more critical for B.
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