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Discriminant Functions

e Discriminant functions classify patterns directly.

e When the classes are Gaussians with identical covariance
matrices, the discriminant functions were linear.

e If the space of x is not linear, the space of a function y of
X could be linear.

e Assuming a linear form for discriminant functions, how do
we learn them from the examples?

e Pose it as a minimization of a criterion function, often the
training error.
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Linear Discriminant Functions

e g(x) = w'x + wp. W is the weight vector, wy is the
threshold or the bias.

e In the 2-category case, the decision boundary is: g(x) =
0. Positive side belongs to w; and the negative side to ws.

e For 2 points on the decision boundary: w'(x; — x5) = 0.

e W is the normal to the decision boundary (a hyperplane).
The positive side is region R; and the negative side is
region Ro.

e r = g(x)/||wl||: distance from x to the hyperplane.
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e wo/||x||: distance from origin. If the bias is positive, origin
ISin Ry else in Rs.

e Multicategory case: define ¢ discriminant functions g;.
Choose j = argmax; g;(x). (Linear Machine)

e Boundary between 2 categories: hyperplane H;;: g;(x) =
g;(x). Also given by: (w; — w,)"™x + (w;p — w;1) = 0.

9i(x)—g; (x)
||w;—w ;|| °

e (w; —w,) is the normal. Distance to H,;:

e Decision regions are convex and simply connected since
they are intersections of hyperplanes.

o Ofthe c(c —1)/2 pairs, only a few H;;s matter.
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Augmented Vectors

e Can write the discriminant function as: g(y) = a'y where

a=|wyw wy ... wgl"andy =1[1xy x2 ... x4|"

e a and y are now augmented weight vector and feature
vector respectively.

e Discriminant functions are homogeneous equations. The
hyperplane passes through the origin of the augmented
space, but not necessarily the original feature space.

e Distance to hyperplane: a'y/||a||.
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Generalized Linear Discriminants

e Quadratic discriminants:
d
g(X) = Wo + Zz’zl W;T; + Zz’,j W; L5 5.
e Similarly, general polynomial discriminant, etc.

e Define generalized linear discriminant function as:
d/
g(x)=a'y = Z a;y;i(X)
1=0

o Lety,(x), i =1...d" be arbitrary functions ¢;(x) of x.

e Feature space of x transformed via y;, = ¢;(x) to the
space of y, where discriminant is a linear function.
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e The separating hyperplanes in y-space can map to
complex regions in x-space.

e The discriminant function is given by a'y = 0 in y-space.

e Example 1: Separating boundary of a circle. Quadratic in
XY space, but a line (r = r1) in the polar coordinates.

e Example 2: w;: 1st and 3rd quadrants , ws: 2nd and 4th.
A transformation to a 1-D space where y' = xy will linearly
separate the regions!
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2-Class, Linear Classifier Design

e Our problem is classifier design or estimation of the
hyperplane normal a given the training samples.

e Correct classification: ay > 0 and y labelled w; or a'y <
0 and y labelled ws.

e Bring training points from w; and w, to a common form.

e |If we negate all y; classified as ws, then a'y > 0 for all
correct classifications.

e The a vector in this case is called the separating vector.
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Solution Space

e a'y > 0 for all correct classification.

e Consider the solution space of values a;. y is the normal
to the hyperplane in that space. All points on the positive
half-space are solutions!

e With n training samples, the solution region is restricted
to the intersection of n positive half-spaces.
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General Problem

e Find the weight vector a such that a"y > 0.

e Search in the weight space for the best solution. There
could be a a solution region and a “middle solution” is
preferred.

e Add a margin b by requiring: a'y > b > 0. The solution is
offset to the middle from the boundary by b/||y]||-

e Can pose it as: Minimize a criterion function J(a) with
respect to a in the weight space.

e Several forms of J are possible.
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Gradient, Jacobian, Hessian

e Gradient: Derivative of a scalar function with respect to

a vector. Result is a vector.

Viofx) = | 2L 9

N (9513‘1 82132
e Jacobian: Derivative of a vector-valued function with

ory
afljd

respect to a vector. Result is a matirx.

Ix(£(x))=[Vxf1(x) -+ Vi fr(x)]
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e Hessian: Second derivative of a scalar function with
respect to a vector. Result is a square matrix.

Hy(f(x)) = Vif(x) =

e Series expansion:

Oz 40xq

o’f  _0%f
82331 85618332

o’f 9%

O0xo90x1 02x9

o°f 0° f
Oz 40x2

f(x) = f(x0) + [Vaf(x)]"Ax + %[Ax]THX(f(X))AX 4.,
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Gradient Descent Method

e Adjust a iteratively along its gradient direction towards the
minimum.

e If gradient is +ve, function increases with a, so we need
to decrease a. If gradient is —ve, function decreases with
a, SO we need to increase a.

e In either case, adjust a in the opposite direction to the
gradient!

e a(k+1) =a(k) —n(k) VJ(a(k)) for positive n will take it
closer to the minimum of J.
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e J(a(k+1)) = J(a(k)) + VJ(a(k))Aa using Taylor series
expansion.

o J(a(k + 1)) — J(a(k)) = VJ(a(k))|[-n(k)VJ(a(k))] =
—n(k)[IVJ(a(k))]]*.

e J moves towards the minimum in each step slowly, based
on the learning rate .

e Large n: giant strides. Can oscillate around the minimum.
Small n: crawl slowly towards the minimum.
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Newton’s Method
o J(a)=J(a(k))+VJ (a—a(k))+3(a—a(k)) H(a—a(k))

2
e To minimize, differentiate with respect to a and set to 0.
e VJ+H(a—a(k))=0. Thus, a—a(k)=-H 'VJ
e Therefore, a =a(k) — [H(J(a(k)))]"'VJ

e lteratively adjust a. Moves closer to minimum at a faster
rate than gradient descent.

e Valid only when the Hessian is positive definite, non-
singular, etc.

e Also, a matrix inversion is required in each step!
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Linear Perceptron

e A machine that implements any linear decision boundary.

e Given a vector of inputs y, it has a weight vector a and
computes the function: a'y.

e A perceptron can classify any pair of linearly separable
classes.

e Classify x;, as w; if w'x; > 0. Else as ws.
y

e a'y > 0 for all correctly classified inputs.
a'y < 0 for misclassified inputs.
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Choice of Criterion Function J

e J(a) is an error measure since we seek its minimum.

e Number of misclassified samples: Piecewise constant, no
gradients!

e Sum of a'y for misclassified samples: continuous and
differentiable. Too smooth near boundaries, so can settle
on it. Influenced by large sample vectors.

e Normalized, squared sum of a"y with margin: Continuous,
settles away from the boundary.

e Guaranteed to converge on linearly separable training
sets.
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Perceptron Criterion Function

e Perceptron criterion function: J,(a) = ) y(—a"y) where
YV is the set of misclassified samples.

[ ) VJp — Zy(_Y)
o Gradient descent rule: a(k + 1) = a(k) +n(k) >,y

e Batch learning: Adjust weights after processing all
Inputs.

e Sequential learning: Adjust weights after each sample
IS encountered.
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Geometric Interpretation

e In the solution (or dual) space, y; is a hyperplane and the
current a(k) is a point.

e If y, Is misclassified, a is on the wrong side of hyperplane.
Vector y; points from a towards the hyperplane.

e Move closer to the hyperplane y; by adding y; to a.
e Previously correct samples can now be misclassified.
e Sequential learning: a zig-zag path to solution space.

e Batch learning: a smooth, “averaged” path.
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Proof of Convergence

e For sequential learning for a linear separable case. We
show the updated weights are closer to a solution vector.

e Let a be a solution vector. Thus, a'y; > 0, V.

e y” is the misclassified sample at step k. a(k)"y* < 0.
We have: a(k + 1) = a(k) + y* with simple = 1.

o Consider: E(k+1) = |la(k+1)—caa||? = (a(k) —aa+yF~)?
with a > 0.
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E(k+1) = |la(k) - call® +2(a(k) — ad)y"* + [[y"||°
= E(k) +2a(k)Ty" — 20a"y" + [ly"||°
< E(k) —2ay+

where (32 = max;||ly;||*, ¥ = min;(@"y;) > 0, since
a(k)y* < 0.

e Choosing a = 32/~, we get E(k + 1) < E(k) — 32.
e Weights get closer to a solution vector with each iteration.

o After k steps, E(k+1) < E(1)—kf3°. Since E(k+1) can’t
be negative, maximum for k = kg = E(1)/3%.
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_ _ofa® g% |all® max; [lyil|°
* fa(l) =0, ko = %5 = 5 = Smam P
e Bounds the number of iterations, but in terms of unknown

solution vector.

e The above is true for all a. The solution vector with a
small margin (i.e., small v+, some points nearly on the
hyperplane) will determine the convergence rate.

e Algorithms: Batch Perceptron learning, Single Sample
Perceptron learning, Variable-Increment Perceptrom
with Margin learntin, Batch Variable-Increment Perceptron
learning, etc.
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Relaxation Algorithm
Jy(a) = Zy(aTY)2-

e J, Is piecewise linear. J, is differentiable everywhere.

But, the solution can settle on the border.
The solution is influenced by large samples.

e Add a bias term and normalize: J.(a) = %Zy (aTzT;b)Q.

e Gradient v.J, = 3, @ Yo

yly
e Use gradient descent using this and a learning rate n(k).

e Single sample descent: Adjust weights for each

misclassified sample. a(k + 1) = a(k) + 7" (¥ y*.
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k
o b‘ﬁ;ﬂg’j‘)y IS the distance from the point a to the hyperplane

y. ||§Z|\ IS the unit vector in that direction.

e If n = 1, the solution vector is moved to the hyperplane.

ea'(k+1)y"—b=(1—-n)(a"(k)y* —0b). Ifn < 1, still
not classified correctly, etc. Underrelaxed it eta < 1,
overrelaxedif 1 < n < 2.

e Can show that if the samples are lineary separable, a(k)
will settle at a point on the decision boundary a'y = b.
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Nonseparable Conditions

e What happens if the samples are not linearly separable?

e The perceptron criterion function and the relaxation
procedures are error-correcting. Weights adjusted only
when there are misclassified points!.

e When samples are not separable, the procedure may
never terminate.

e Any set of d — 1 points are linearly separable! Large sets
of points are almost never linearly separabile.

e Can we make all samples count towards the learning?
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Minimum Squared Error Procedure

e Tofindasuchthat: xla>0, ¢+=1,2,--- ,n.

e Adding a margin, the following solution works.
X;a:bi fo, >0 :1=1,2,--- ,n.

e Combine to write: Ya = b where Y has x] as its rows
and b has b; as the <'th component.

e A linear set of equations. Overconstrained since n > d.

e Minimum squared error or least squared error solution:
Find a that minimizes J; = ||Ya — b||? = >_.(xla — b;).
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MSE Procedure
o VoJs(a) =2Y"(Ya—Db) =0.
e Y'Ya=Y"b. Thus,a= (Y'Y)'Y™b = Y'b.

e (Y'Y)'Y™ = YT is called the pseudoinverse of the n x d
matrix Y. Y'Y =1 but YYT 41 in general.

e If Y is square and nonsingular, a = Y'b.

e We can choose b to get a reasonable solution.
Separable solution may not exist for arbitrary b.
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MSE Procedure

e J,=||Ya—Db|]®. V.Js(a)=2Y"(Ya—b)=0.

ea=(Y"Y)'Yb =Y'b.

o MSE solution always exists. Y'b = lim (Y'Y + €I)"Y'™b
converges to an MSE solution.

e We can choose b to get a reasonable solution. Separable
solution may not be found for arbitrary b even for linearly
separable situation.

e The MSE or Least-Squares hold important properties,
however.
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MSE and Fisher’s Discriminant

e If X are the samples labelled w; and X, are the samples
labelled ws, use:

1 Xy | wo B _ 1y ]
Y_[_12 —}(2]7a_[W]7 - l]_2
o Write Y'Ya = Y'b. Expand using means u; = ;- >, X,
p=noox and Sy, =30 50, (% — ) (x — )"
e We get wg = —pu'™w  and
S+ (1 — po) (1 — p2)T) W= (1 — pa2).

e Solution: w = anSy (11 — pe2), Fisher Discriminant!
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MSE and Bayes Classifier

e With b =1,,, minimum MSE error corresponds to the
minimum mean squared error between a'y and the Bayes
optimal discriminant g(x).

e Thus, MSE asymptotically approximates the Bayes
optimal discriminant g(x) = P(w1|x) — P(w2|x).
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MSE and Bayes Classifier

e Useb = 1,, for MSE error procedure. If go(x) = P(w1|x)—
P(ws|x) is the Bayesian decision boundary, write error
between the two boundaries as:

¢ = [ (@y ~ go(x)*p(x)ax
o J(a)=>, (@y—-1)7°+3, (ay +1)°
(LY, (- 12+l zw2<a y +1))
e As n — o0, using conditional expectations E,,,

% = P(w1)E,, (ay — 1) + P(ws) E,(a"y — 1)°
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e It can be shown that:
@) = [(ay - o000+ 1~ [ gheom(xix]

e Second term is independent of a. So, the error between
the two decision boundaries is minimized when MSE is
minimized!

e Discriminant function a'y gives direct inomratin about the
posteriors! The boundaries of g(x) and go(x) match
wherever data exists.
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Least Mean Squared Procedure

e Pseudoinverse is cumbersome and time-consuming.
e Use gradient descent to minimize J,(a):

1. Initialize weights a(1) to arbitray values.
2. Update using: a(k + 1) = a(k) — n(k)Y'(Ya(k) — b).

e Perform this sample by sample: Widrow-Hoff or Least
Mean Squared (LMS) procedure.

e Updation: a(k + 1) = a(k) + n(k)(b — a™(k)y")y".
Repeat the samples till correction is small.

e May not stop at a separating hyperplane even if it exists.
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Varying Margin Vector

e There exists a b = b for which MSE works if the samples
are separable.

e [reat a, b as variable and optmize over them!

e Ji(a,b) =||Ya—b||°>, b>0.
Vols =2Y(Ya—b) and V,J;,=—-2(Ya—Db)

e a = Y'b. Use gradient descent for b with e = Ya — b.

e Start with b > 0 and do not reduce its components!
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e Use e™ = e + |e| where |e|; = abs(e;), a positive vector.

e Ho-Kashyap Procedure:
1. Start with b > 0,a = Y'b.
2.e=Ya—b, et =e+le/, b=b+nklet, a=Y'b
Until |e| < threshold or maximum iterations reached.

e If all components of et are 0, no more corrections. |f
e # 0, the samples are not linearly separable.

o A modificationis to use: a(k+1) = a(k) + nYT|e(k)]
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Extension to Multiple Categories
e Define g;(x) =wx+wy=aly,i=1,--- ,c.

e Vector x is assigned to w; if g;(x) is greater than g;(x) for
all .

e Decide w; if ajy > ajy, Vj # 1.
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Kesler’s Construction

e Convert it to a 2 class problem.
Write ajy —aly >0, j=2,--- ,c

e Define a (cd)-dimensional vector: a = [a} al --- al|" and
(cd)-dimensional samples:
ni; = 0" - y" .- =T ... 0"|" with a y at the ¢th position
and —y at the jth position.

e Now a linear problem: a™n;; > 0, for all 57 # 1.
e Create n;; for each y € w;. Number of samples: (¢ — 1)n.

e Dimensionality: cd.
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Error-Correction Rule

e Objective: Achieve a™n;; > 0.

e Using the Perceptron criterion function:
a(k+1) = a(k) + 0¥ for a misclassified vector n".
e y* € Y, requires correction. ajy” < aTy" for some j.

e This translates to the Fixed Increment rule:
az(k -+ 1) = az(k) -+ yk for 1,
a;(k+1)=a,;k)—y" forj,
a(k+1)=a;(k) for others.
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Generalization of MSE

e Kesler construction generalizes error-correction rules
well.

e For MSE, let us assume aly to be an estimate of the
posterior probability P(w;|x).

e Thus, aly = 1ify € ); and 0 otherwise.

eletY = 1]Y] Y, ---Y]|" be the partitioned training
samples and A = [a; ay ---a.] the weights.
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e YA =B = [B] ---B]|"where B; has its ith row all 1's
and rest 0's.

e The squared “error” (YA — B)"(YA — B) is minimized
when A = Y'B.

o [f B; contains the risks J\;;, the mean-squared-error
approximation to the minimum risk solution!
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Linear Discriminants: Summary

Criterion Method Remarks
Function
Perceptron Gradient Descent Error Correcting
Perceptron error | Gradient Descent Error Correcting
Sum of Squared | Using pseudoinverse | Minimum Squared
Error (SSE) Error
SSE Gradient Descent Least Mean Sq.
SSE Gradient Descent Ho-Kashyap
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